REARRANGEMENTS AND RADIAL GRAPHS OF CONSTANT 
MEAN CURVATURE IN HYPERBOLIC SPACE 
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Abstract. We investigate the problem of finding smooth hypersurfaces of 
constant mean curvature in hyperbolic space, which can be represented as 
radial graphs over a subdomain of the upper hemisphere. Our approach is 
variational and our main results are proved via rearrangement techniques. 



1. Introduction 

In this paper we study the problem of finding smooth hypersurfaces of constant 
mean curvature in hyperbolic space H™ +1 , which can be represented as radial graphs 
over a domain f2 strictly contained in the upper hemisphere S™ C M' i+1 . This 
also leads by an approximation process to the existence and uniqueness of smooth 
complete hypersurfaces of constant mean curvature H G (—1,1) with prescribed 
asymptotic boundary Y at infinity, in case T is the boundary of a continuous star- 
shaped domain. 

We use the half-space model, 

H" +1 = {(x,x n+1 ) e R n+1 \x n+1 > 0} 

equipped with the hyperbolic metric 

Ht 2 - 1 J- 2 

x n+l 

where ds 2 E denotes the Euclidean metric on K™ +1 . 

Let Q, C and suppose that X is a radial graph over Q with position vector 
X in K™ +1 . Then we can write 

(1.1) X = e< z h, zeSl, 

for a function v defined over f2. Assume that £ has constant mean curvature H 
in hyperbolic space with respect to the outward unit normal. Then v satisfies the 
divergence form elliptic equation 

(1.2) div z | yJ^Y ^ 1 = infi, 

where y = z n +\ and the divergence and gradient are with respect to the standard 
metric on the sphere. 
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We apply direct methods of the calculus of variations, in order to prove the 
existence of a smooth solution to (|1.2|) . Let, 



be the energy functional associated to equation (|1.2[) . In this variational setting, 
we will easily obtain the existence of bounded local minimizers of Tq(-) in the class 
BV(il), as long as \H | < 1. However the Dirichlet problem in this generality needs 
to be carefully formulated, see Section 2. 

Our main objective is to prove a regularity result which guarantees that such 
minimizers are smooth, and hence the associated graphs are smooth hyper- 

surfaces of constant mean curvature in H™ +1 . We first prove the following result. 



Theorem 1.1. Assume n < 6 and let v G BV(fl) nL°°(£!) be a local minimizer to 
Jn(-)- Then v G C°°(0). 



The elegance of this low dimensional result lies in the fact that it does not require 
any kind of a priori gradient bounds, which in this context may appear computa- 
tionally tedious. The proof is based on the connection between non-parametric 
(radial graphs) and parametric surfaces of constant mean curvature in hyperbolic 
space. For the latter, regularity in low dimensions is well-known (see for example 
[5]). We exploit this fact and recover the same regularity result for radial graphs, 
via rearrangement techniques. A similar approach has been followed in the Eu- 
clidean setting to find smooth vertical graphs of prescribed mean curvature (see for 
example [3]). See also [1] for an existence and regularity result for a degenerate 
equation obtained via similar techniques. 

In order to remove the low dimensional constraint we first analyze the case when 
the domain f2 satisfies an appropriate assumption. This allows us to set up and 
solve the Dirichlet problem for Zh(-) and obtain smoothness of the minimizer from 
the smoothness of the boundary data. Indeed, we prove the following result which 
requires the construction of appropriate barriers. 

Theorem 1.2. Let fl be a subdomain o/§" with dfl G C 2 , and let 7 be a continuous 
radial graph over <9f2. Let h be the hyperbolic mean curvature of the radial cone over 
dSl restricted to dQ. Then if h > \H\ , there exists a unique smooth radial graph £ 
of constant mean curvature H in H n+1 (defined over £1) with boundary 7. 

Then using standard approximation techniques, a corollary of Theorem ll.21 and 
an interior gradient bound which is of independent interest, we prove the following 
result. 



Theorem 1.3. Let v G BV(fl) H -L°°(f2) be a local minimizer to 2q(-). Then v G 
C°°(Q). 



Finally, by a limiting argument using the afore mentioned barriers we recover 
the following result from [4] . 

Theorem 1.4. Let T be the boundary of a continuous star-shaped domain in R™ 
and let \H\ < 1. Then there exists a unique hypersurface E of constant mean 
curvature H in H n+1 with asymptotic boundary T. Moreover £ may be represented 
as the radial graph over W± C W l+1 of a function in C°°(§^) R C*°(S^). 



(1.3) 
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The paper is organized as follows. In Section 2, after briefly introducing some 
notation, we set up and solve the Dirichlct problem for our energy functional in 
the class of BV functions. Then, in Section 3, we prove our low dimensional result 
Theorem ll.il via rearrangement techniques. The proof of Theorem 1 1.2 1 is exhibited 
in Section 4. In Section 5, we present the proof of an interior gradient bound for 
smooth solutions to equation (|1.2j) and then we apply it together with a Corollary of 
Theorem [L2] to remove the dimensional constraint and prove Theorem ll.3l Finally, 
we conclude Section 5 by sketching the proof of Theorem 11.41 

2. The Dirichlet problem for the energy functional Xq(-) 

2.1. Notation. Throughout this paper we denote by S™ the standard unit sphere 
in M ra+1 and by §™ the upper hemisphere. We use div z and V to denote respectively 
the divergence and the covariant gradient on S™. Also, we let e be the unit vector 
in the positive x n +i direction in M. n+1 and 



where '•' denotes the Euclidean inner product in R™ +1 . 

We recall the following fact, which will be used in the proof of the existence of 
minimizcrs in the next subsection. 

Remark 2.1. Assume \H\ < 1. Let Bn(a) be a ball of radius R centered at a = 
(a', -HR) e R n+1 where a' e W 1 . Then S = dB R {a)r)W l+1 has constant hyperbolic 
mean curvature H with respect to its outward normal. Analogously, let -Br (6) 
be a ball of radius R centered at b = (b',HR) e where b' £ R". Then 

S = dBu(b) n H n+1 has constant hyperbolic mean curvature H with respect to its 
inward normal. 

2.2. Existence of minimizers. We now formulate and solve the Dirichlet problem 
for the functional Zh(0 hi the Introduction. 
Let fl C §" ; for a function v e BV(Q) define, 



Here we are denoting with dz and | ■ |s« respectively the measure and the length on 
the standard unit sphere. 

Let v G BV(Vl) and define the energy functional 



y 



= e • z, 



for z G S n , 




7 = (7.7n+i) G Co(^ Til x M), |7||„ + | 7 „ +1 | 2 < 1}. 




where H is a constant with \H\ < 1. In what follows we denote 
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We omit the subscript Q from the definitions above, whenever there is no possibility 
of confusion. 

The Dirichlet problem for the energy functional Xq(-) consists in minimizing 
this functional among all v £ BV(fl) whose trace on dft is a prescribed function 
4> £ i 1 (cT2). However, this problem may not be solvable in such generality. The 
following proposition suggests an alternative form of the Dirichlet problem. 

Proposition 2.2. Assume dVL is C 1 and let <fi £ I^idVi). Then, 

inf{X(v) : v £ BV(Q),v = 4> on dfl} = 

M{l(v) + [ \v - 4>\y- n dH n --L\v £ BV(Q)}. 
Jan 

Proof. Let v £ BV(Cl) and let e > 0. Gagliardo's Theorem (see Theorem 2.16 of 
[3]) states that there exists a function w £ W 1,1 ^) with w = v — <j> on dSl and 

(2.1) f \Vw\y- n < (1 + e) / \v - cf,\y- n dH n ^, 
Jn Jan 

(2.2) n\H\ f M2r (ll+1) < e [ \v - ^'"dH^. 

Jn Jan 

The function u = v + w is in BV(Q) and u = cj> on dfl. Moreover, by (|2.1[) 

/ y/l + \Vu\*y- n < f y/l + \Vv\*y- n + f \Vw\y~ n 
Jn Jn Jn 

< f y/l + \Vv\ 2 y- n + (1 + e) / \v- cf>\y- n dH n _ x . 
Jn Jan 

Thus, by (UJ) 

l(u) < l(v) + (1 + 2e) [ \v- 0|y-"dff n _i. 
Jan 

As e tends to zero, taking the infimum over all v £ BV(Sl) we obtain 

inf{l(v) : v £ BV(Q),v = </> on dfl} < 
inf{Z(«) + / |« - 0|y- n dff B _i;« € W(ft)}, 

which suffices as the opposite inequality is trivial. □ 
Proposition 12.21 suggests the introduction of the modified energy functional 

Z&v) = I(v) + f \v- <t>\y- n dH n - X . 
Jan 

Again the dependence on f2 will be made explicit only when strictly necessary. 
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A compactness argument allows us to conclude that the minimization problem 
for T^(-) is always solvable in the appropriate class of functions. Precisely we have 
the following Theorem. 

Theorem 2.3. Assume dfl is Lipschitz continuous and let <p £ L°°{d£i). Then, 
T^(-) attains its minimum u in BV(il). Moreover u 6 L°°(f2) and \\u\\i,<x, < M for 
some M = MiUWoo). 

Proof. Let Ss := {y > 5} n§™ contain ft and let us extend <j> to a W 1 ' 1 function in 
Sg\£l that we will still denote by (p. Let v € BV(Q) and define 

_ J v(z), ze!l; 
V * ~ \ 4>, zeS s \ a 

Then, G BV(Ss) and by the trace formula 

f Ji + \Vv^ y - n = f + WWy- n + [ y/T+WWy'" 

JSs isi Js s \n 

+ [ |«-^|y-"dff n _i. 
Jan 

Therefore, 

2- S3 (^)=^( W )+C(0), 

where C(</>) is a constant independent of v. Hence in order to minimize Iq(-) among 
all BV(il) functions, it suffices to minimize Is s (•) among all functions u £ BV(Ss), 
coinciding with cf> in Ss \ 

Let Tp and <p be smooth solutions to the equation 

(2.3) div s >.( | ) = rcgy-(" +1 >, in 

such that 

(2-4) m£ip>U\\ L c B(S3) , 
and 

(2.5) sup^< -\\<p\\ L °°(s s y 

Ss 

The existence of Tp and ip follows from Remark l2.1l bv choosing a' = for a suitable 
choice of R. Explicitly, 



£ = -|MU~(5,) + log (VW + (1 - # 2 ) - , 

^ = £ +2||0[[ £ o= (s , ) -iog(i-ir) . 
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Now, let Uj € BV(Ss) be a minimizing sequence, that is 

inf {1g B (u) : u <E BV(Ss),u — <fi in Sg \ il} = ]imXss{ u j) = I- 

3 

Let us approximate the Uj's with smooth functions which we still denote by Uj's. 
Set 

Uj = min{uj,^} 

and compute 
(2.6) 

Zs e (uj ) = 1s s n { Uj <Tp}( u j)+ Zs s n { Uj > ip } (uj ) 



Zs s {uj) - Is s n{ Uj >Tp}( u j) + I s 6 n{n J >ip}{uj) 



s 5 n{Mj>^} 



y- n (Jl + \Vu^-Jl + \Vu^ 



+nH{u 3 -Uj)y~ {n+1) ] dz 



(2.7) >I Ss (u 3 )+ I I ,!T-,, %-%) 



+fiff(«j- - %)y" (n+1) ) <fe. 

After integration by parts the integral in (|2.7|) is identically zero in view of the fact 
that Tp satisfies ((23)) - (f2T4)) . Hence, 

(2-8) Ts s {uj)>Is s {^j)- 
Analogously, set 

Uj = max{(p,Itj} 



and note that 



Then, 
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Zs s (Mj ) = Zs s n { uj «f) ( y^j ) + ^S* n { uj> f) (u.j ) 

= x s s (Uj )-ls 6 n {uj <ip) (% ) + ^Si n <^} M 

= X S5 (%) + / ir n (Ji + W - Jl + \VUj\ 



: J.s (-,)-!- / ! p v -._ v(y- Mj -) 



' S s r\{n s <<p) + |V^| 2 

+n J ff(^-M i )y _( ' l+1) ) 
Again since y satisfies (|2.3j) - (|2.5[) . the last term vanishes. Hence, 

(2-9) 2"5,(%)>Is,(%). 
Combining (|2 .8[) and (|2 .9[) we obtain that 

j 

for some constant if, hence I is finite. Moreover, the u^s are are uniformly bounded 
in BV (since Ig 6 (Uj) < Is s ( u j) < C; as the 's are a minimizing sequence) and we 
can extract a subsequence which converges in L 1 (S*5) to some function u 6 BV(5a). 
Furthermore u 6 L°°(f2) and it = in 5a \ ft. Then by the lower semicontinuity of 
our functional we find that u is the required minimizer. □ 

We now collect a few more facts about minimizers, which will be used in the 
next sections. 

Remark 2.4. From the strict convexity of our functional, in particular 



T*(m)+T*(tt 2 ) > I0 ^ 



we obtain that if vi, i>2 are two minima of Z^(-), then v\ = i>2+const. Moreover on 
dfl the traces of V\ and V2 satisfy (v\ — 4>)(v2 — <j>) > 0. Finally, if V\ and v-i have 
the same trace (j) on dfl then v\ = i>2- 

Corollary 2.5. Let v minimize T^(-), and (f> £ C(dQ). Assume thatTp (resp. tp ) 
is a smooth supersolution (resp. subsolution) to equation (|1.2p , with Tp > <j> (resp. 
tp < <j>) on dfl. Then Tp > v (resp. tp < v) in CI. 



The corollary above follows by the same argument as in the proof of Theorem 
12.31 (in particular see formula l|2.6[) ). together with Remark HOI 
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Lemma 2.6. Let Vi G BV(fl) minimize T^\<\>i G L°°(dil), u, = ^ on dfl (in the 
trace sense) i — 1,2. Assume 4>i > </>2 on <9f2. TTien Wi > «2 in fi. 

Proof. Set 

w maa; = max{vi , u 2 } , w mm = min{?; i , u 2 } . 

Then, 

(2.10) + l(v 2 ) > I{v max ) +X(v min ). 

Indeed formula (|2.10p clearly holds in the case when v\ and v 2 are smooth. We 
can then approximate Vi, i = 1,2 with a sequence {i>J™} of smooth functions such 
that v™ — » Uj in L 1 and A{v™ 1 ) — > A(vi). Then by the lower semicontinuity of our 
functional we immediately get (|2.10|) for BV functions. 

Moreover, since <f>i > 4>2 on 9f2, we have that v max has the same trace as v\ 
while v m in has the same trace as vi on <9f2. The desired claim now follows by the 
uniqueness of minimizers ( Remark 12. 4p . □ 

Remark 2.7. It is straightforward to show that smooth solutions to the Dirichlet 
problem for the divergence equation Q1.2p on f2 and boundary data cf>, also minimize 
the energy integral !{■) among all competitors equal to 4> on dfl. 

3. Regularity in low dimensions 

In this section we prove our main regularity result Theorem ll.il The existence 
of local bounded minimizers is guaranteed by Theorem 12.31 

We proceed to investigate the connection between non-parametric and paramet- 
ric surfaces of constant mean curvature in hyperbolic space. 

For any function v over we set 

V := {x e M n+1 : X = e w z, z E fl, -oo < w < v(z)}. 
V is the subgraph of the radial graph defined by 

X = e v ^z, zefl. 

Also, for any T > 0, we define 

C T := {x E : x = e w z, z € ft, -T - 1< w < T + 1}, 

C T := {x G R" +1 : x = e w z, z G fi, -T - 1< w< —T}, 
C T := {x G M n+1 : x = e w z, z G 0, -T - 1< w < T}. 

Let us denote by 



£ := {E C C : E measurable, C T CEC C T }- 
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Also, let us define the set functionals representing respectively the perimeter and 
the volume in Ct of a set U in the hyperbolic space H" +1 : 

V Ct (U) := sup{ f pudivxigx-^dx : g e C^(C T ; R n+1 ), \g\ 2 < 1} 

Vol(U) := / x-^dx. 

Here we denote by ipu the characteristic function of a set U. We will often drop 
the subscript Ct, whenever this generates no confusion. 
Set, 

T(U) =V{U)+nHVol(U). 

We wish to prove the following theorem. 

Theorem 3.1. Let v e BV(il) n L°°(fi) be a local minimizer of !(■) and let 
T > ||u||l=c. Then Vr ■= V (1 Ct locally minimizes among all competitors in 
£. 

We start with the following proposition. 
Proposition 3.2. Let v e BV(Q) nL°°(0) ; and let T > \\v\\ L oo. Then, 

(3.1) T{V T ) = T(v) + k(T + 1) 

where V T := V D C T and k = J Q y-( n+1 Uz. 
Proof. We start by showing that 

V(V T ) > A(v). 

By definition, for any g compactly supported in Ct satisfying \g\ 2 < l,we have 

(3.2) P(V T )> [ diy x [x-^g(x)]dx = 

r r v ( z ) 

(3.3) = / / div z , w [y~ n g(z, w)]dwdz 

Jn J-T-i 

where in the second line we performed the change of variable x — e w z. Also we 
denote by div Z:t0 the divergence on the manifold S" xK with the standard product 
metric. Notice that g(z,w) — {g{z, w), g n +i{z, w)) satisfies \g\§ n + \g n +i\ 2 < 1- 
Since g is arbitrary, we can choose 

{<j{z,w),g n+1 (z,w)) = (7(z),7„+i(z))?7(w), 

where 7 — (7,7n+i) is a vector field compactly supported on fl such that |7|§„ + 
l7«+i| 2 < 1; while r\ is compactly supported in [— T — l^up^z; + 1] and such that 
r] = 1 on [— T, sup w] and | ^7 1 < 1. Thus, 
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V(V T )> f [ {Z) &iv ZtW [ 1 r ] y- n ]dwdz = 
Jn J-T-i 



v(z) r- r-v(z) 

div z [iy~ n ]r](w)dwdz + / / ~/ n+ i(z)y~ n r}'(w)dwdz. 
iq.J-t-1 JnJ-T-i 

From our choice of r\ we have that 

i-v(z) 



rf 

-T-l 



(w)dw = 1 



and 



with c constant. 
Thus, 



/v(z) 
rj(w)dw = v(z) — c 
-T-l 



T(V T )> [ v(z)divSy~ n ]dz + [ ln+iy- n dz, 
Jn Jn 

and the desired statement follows by taking the sup over all 7 = (7, 7 n +i) of length 
smaller than 1, compactly supported in ft. 

The opposite inequality follows by a standard limiting argument. In the case 
when v £ C 1 (fi) then clearly 

V{V T ) = A(v). 

Now let Vj G C°°(Q,),Vj -> v in L 1 ^) and A(vj) -> A(v). Then V j>T -> V T in 
i 1 (C) and therefore by the lower semicontinuity of the perimeter functional we get 

V(V T ) < liminf P{Vj, T ) = lim i4(«j) = i4(w). 

Finally we compute 

VoZ(V T ) = / = f y~ {n+1) dwdz = V{v) + k(T + 1), 

Jv T JnJ-T-i 

which concludes the proof. □ 

Let E € £ and denote by E the image of E under the coordinate transformation 
x = e w z, z G 0, -T - 1 < w < T + 1. Set 

(3.4) u(z) = J <Pe(z, w)dw — T, z G Q. 

The subgraph in Ct of the radial surface X = e u ^z,z G O is the rearrangement 
of the set E in the radial direction. 



RADIAL GRAPHS OF CONSTANT MEAN CURVATURE IN HYPERBOLIC SPACE 11 



,[y n g(z,w)]dwdz 



Proposition 3.3. For any E E £ we have, 

(3.5) F{E) >l{u)+k(T+l), 

where k = J^y~^ n+1 ^dz. 
Proof. According to the definition, 

V{E)> I ipEdbi^x'l^x^dx = / / V£.div z 
Jc JqJ-t-i 

after performing the change of variable x = e w z. As in Proposition 13.21 since g is 
arbitrary, we can choose 

{g{z,w),g n+1 (z,w)) = (j(z),j n+1 (z))r](w), 

where 7 = (7,7,1+1) is a vector field compactly supported on Q such that |7|§„ + 
l7n+i| 2 < 1 ; while r\ is compactly supported in [— T — 1, T + 1] and such that i] = 1 
on [-T, T] and \<q\ < 1. Thus, 

V(E)> [ [ ^^iY z . w [ ir] y- n ]dwdz = 
Jn J-T-i 

(f ^div z [jy' n ]r](w)dwdz + / (p^-f n+1 (z)y^ n r] / (w)dwdz. 



IClJ-T-l JQ J—T—l 

From our choice of rj we have that 

i-—T 



r]'(w)dw = 1, 



T-l 



and also (p^(z,w) = 1 for — T — 1 < w < —T. Thus, according to the definition of 
u we have 



V{E)> / u{z)dw z [^y- n ]dz+ / 7n+1 y- n dz, 
Jn Jn 

and the desired statement follows by taking the sup over all 7 = (7, 7n+i) of length 
smaller than 1, compactly supported in Q. 
Finally, we compute 



(3.6) Vol(E)= / ip E x- ( £ +1) dx= (u(z)+T)y- (n+ ^dz + 

Jc Jn 

c-T 

y-( n+1 Uwdz = V(u) + k(T + 1), 

in J-t-i 

which concludes the proof. □ 
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We are now ready to prove our Theorem. 

Proof of Theorem \3.1[ Let A CC and let E £ £ coincide with Vr outside 
a compact set in {x 6 R Tl+1 : x = e w z, z S A, -T - 1 < w < T + 1}. Then the 
function u associated to E coincides with v outside of A and hence according to 
(IQl and (33]), 

T{V T ) < T{v) + k(T + 1) < J(u) + k(T + 1) < T{E). 

□ 

Since Vr locally minimizes T in £, it is known that the boundary of Vr is a 
regular (analytic) hypersurface outside a closed set S, with H n _ 6 (S) = (see [6]). 
As an immediate corollary we shall prove that v is regular in L = Q \ proj fi 5. 

Towards this aim, we need to recall the following lemma that can be found in 

a- 

Lemma 3.4. Let T, be a constant mean curvature hypersurface in H" +1 with posi- 
tion vector X in and unit normal v with respect to the Euclidean metric. Let 
\A\ and A denote respectively the norm of the second fundamental form of S and 
the Laplace- Beltrami operator on S with respect to the hyperbolic metric. Then, 

(3.7) A— = (n-\A?) — 

where u denotes the height function u = X ■ e. 

Corollary 3.5. Let v S BV(£l) n L°°(il) be a local minimizer to T(-). Then v 6 
C°°{L) with ff„_ 6 (^ \L) = 0. 

Proof. Let E be the radial graph associated to v. We use the notation from Lemma 
13.41 Assume by contradiction that X ■ v = at some point zeL. Then, 

X ■ v > 0. 

Hence according to (|3.7|) and the strong maximum principle we have 

X ■ v = in L, 

which contradicts the analyticity of the graph of v outside of the singular set S. □ 
Theorem II .11 is a straightforward consequence of the Corollary above. 

Using Propositions 13 . 21 and 13 .31 we can also prove the following uniqueness result 
which will be used in the next section. First we set some notation, to which we will 
refer later. 

Let v > v be continuous functions on Q with v = v = ip on dfl, \v\, \v\ < T. 
Denote by V,V_ respectively the subgraphs in Ct of the radial surfaces X — e v z, 
and X = e—z, z G ft. Let 

V := {E C C T : E measurable, VCECV}. 
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Lemma 3.6. The minimization problem for J-(-) in the class V admits a unique 
solution E. Moreover, dE is a radial graph over §™ . 

Proof. Let E\ and E2 be distinct minimizer of J 7 in V. Using (see for example [3], 
Lemma 15.1) 

V Ct {Ex DE 2 ) + V Ct {Ex U E 2 ) < V Ct {Ex) + V Ct (E 2 ) 

we obtain that E\ n E 2 , E\ U E 2 also minimize T in the same class. Denote by 
u\, u 2 be the associated rearrangement functions (given by formula (|3.4p ) for these 
minimizers. Notice that u\ 7^ u 2 . Indeed E\ ^ E 2 implies that E\ DE 2 has smaller 
volume than E\ U E 2l and the volume is preserved by the rearrangements up to an 
additive constant (see (|3.6p ). Then according to Propositions 13.21 and 13. 3i u\ and 
u 2 minimize I v in the class of all competitors v with v < v < v. Since {u\ + u 2 )/2 
is in the same class, we can apply the same convexity argument as in Remark 12.41 
to conclude that u\ — u 2 . Thus, we reached a contradiction. □ 

4. The Dirichlet problem with smooth boundary data. 

In this section we show that upon assuming the right condition on the boundary 
of il, it is possible to set up and solve the Dirichlet problem for the energy func- 
tional !{■) in the classical sense, that is finding a smooth minimizer v among all 
competitors with the same smooth boundary data. This result is of independent 
interest. Moreover, a corollary of this result, together with the gradient bound 
presented in the next section will allow us to remove the dimensional constraint of 
Theorem 11.11 and prove the interior smoothness of bounded BV minimizers in any 
dimension. 

Precisely we prove the following result. 

Theorem 4.1. Let il be a subdomain o/S™ with d£l £ C 2 , and let 7 be a C 2 radial 
graph over dfl. Let h be the hyperbolic mean curvature of the radial cone over dfl 
restricted to dtt. Then if h > \H\ , there exists a unique smooth radial graph £ of 
constant mean curvature H in H ,l+1 (defined over Q) with boundary 7. 

Theorem 11.21 follows by standard elliptic theory, combining Theorem 14.11 and the 
interior gradient bound Proposition 1 5 . 1 1 in the next section. 

We first need some preliminaries. Let E be an hypersurface in H™ +1 and let X 
be the position vector of S in M. n+1 . We set n to be a global unit normal vector 
field to E with respect to the hyperbolic metric. This determines a unit normal v 
to E with respect to the Euclidean metric by the relation 

n 

v = —, 
u 

where u denotes the height function u = X ■ e. The hyperbolic principal curvatures 
«i, . . . K n of E (with respect to n) are related to the Euclidean principal curvatures 
fti, . . . R n of E (with respect to v) by the well-known formula 

Ki = uki + i> n+l . 

Therefore the hyperbolic mean curvature H and Euclidean mean curvature He are 
related by 
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(4.1) H = uH E + v n+1 . 

Let Tx i ■ ■ ■ , T n be a local frame of smooth vector fields on §" . Denote by = 
n ■ Tj the standard metric on §™ and a lJ its inverse. For a function v on S", we use 
the notation Vi = Vit> = V Ti v , v l = a tk Vk , Vij = VjViV, etc. 

For a radial graph X = e v z, the induced Euclidean metric and its inverse are 
given by 

(4.2) g iS = e 2v (a tJ + v t v 3 ) , g ij = e~ 2v (<r ij 



W 2 



where 



(4.3) W = a/1 + |Vif 

The outward unit normal to X is 

z — Vv 



(4.4) v 



W 1 

and the Euclidean second fundamental form is given by 

e v 

bij = w^ Vij ~ VtVj 

Therefore, using (|4.2p we have 



(4.5) nH E = ~g'% 



w 1 V w 2 

Combining (|4~Tj) . (|4~4| . (|4~5)) . we have 

Lemma 4.2. The radial graph X — e v z has constant hyperbolic mean curvature H 
if and only if v satisfies the nondivergence form elliptic equation 



{4 - b) W l3 ~ y \ + W )' W 2 ' 

It is easily seen that (I4.6[) can be written in divergence form as 

(4.7) div z ( y ^ VV ) = nHy-^ +1 \ 

which is the Euler-Lagrange equation of our functional (|1.3j) . the usual area plus 
nH volume functional for the hyperbolic radial graph. 
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Given a subdomain £1 of §™ we can then formulate (according to Lemma I4.2|) 
the following Dirichlet problem for a radial graph X — e v z over of constant 
hyperbolic mean curvature H , 

1 / ■ uV\ n / e-ViA _ 

(4.9) u = 4> on 9fi. 

Remark 4.3. An equivalent problem has been studied (even for prescribed mean 
curvature) by Nitsche [5] using a more complicated model of hyperbolic space. 
However as we shall see below, the problem can be easily solved directly, even for 
continuous boundary data. 

Theorem 14. 11 which is an existence and uniqueness statement for the Dirichlet 
problem (|4.8p - (|4.9p , will follow from the following result, by standard elliptic theory. 

Theorem 4.4. Let h be the hyperbolic mean curvature of the radial cone C over 
dfl restricted to 90, and let <ft € C 2 (§"). Then if h > \H\, there exists a unique 
minimizer v ofl(-) in C 0,1 (fl) such that v = <f> continuously on dfl. 

The main ingredient it the proof of Theorem 14.41 is the following proposition 
which guarantees the existence of lower and upper barriers. The existence of such 
barriers can be obtained in a straightforward way using the method of [7] . We will 
sketch the main steps of the proof. 

Proposition 4.5. Let <fi e C 2 (§™ ) and assume the solvability condition of Theorem 
\4-4\ Then the Dirichlet problem (|4.8[) - (|4.9|) admits lower and upper barriers. 

First, we recall the definition of barriers. Let <f> be a Lipschitz continuous function 
on dil. For zed, denote by d(z) the distance of z from dft in the spherical metric. 

An upper barrier v relative to the Dirichlet problem (|4.8p - (|4.9[) in is a Lipschitz 
continuous function defined in a neighborhood N$ = {z G fi : d(z) < 6} of <9f2, such 
that v is a supersolution in N$ and 

(4.10) v = (j> on dfl; v> sup on dN s n fl. 

on 

Analogously, one can define a lower barrier v as a subsolution in N$ such that 

(4.11) v = (f> on dfl; v<mf(j) on dN s n Q. 

an 

Remark 4.6. Let N be the interior unit normal (in the metric of the sphere) to 
dft. Then the Euclidean mean curvature ft^ of C restricted to dfl is given by 
h E = ^Hdn and so 

71 — 1 

(4.12) h = yh E + e • N = yU m + e ■ N . 

n 

Moreover, if TLoct {%) denotes the mean curvature at z of the parallel hypersurfacc 
at distance d(z) to dfl passing through z, then 



16 



D. DE SILVA AND J. SPRUCK 



(4.13) (n - l)Han(z) = -div z \7d = -A z d(z). 

We shall use these formulae in the construction of barriers in Proposition 14.51 
which now follows. 

Proof of Proposition \4-5\ The proof follows the argument of [7] and is similar to 
the Euclidean case (see for example [2],[2]-) For completeness, we present a sketch 
of the proof. 

We proceed to construct an upper barrier TJ. According to the definition of upper 
barrier and equation (|4.6[) we need to show that 



, , , 1 n Vw nH . 

4.14 Mv := — a* 3 Vij - -e • — < m N 5 , 

W y W y 



for some 5 to be chosen later. Here 
and 



W = y/l + |VTJ| 2 . 
Also we must satisfy condition (|4.10p . Let us pick 

v(z) = 4>(z)+r)}(d{z)), 
where ip is a C 2 function on [0, S] satisfying 

(4.15) V(0) = 0, 4>'{t) > 1, ip"(t) < 0, 



(4.16) ip(S) > 2 sup = M. 

n 

Using |V<i| = 1, d 1 d i j — and u 13 d^ = Ad, (|4.15[) and the definition of a 13 , we 
find 

ib' n ib" 1 
Mv< r _^ (Arf- -e- Vri) + V - - + 0{- 



y/1 + ip' 2 V (l + ij' 2 )2 yy/l + <// 2 

Recalling Remark l4.6l we can express this as 

(4 ' 17) 

Mv < 7===((n - l)yWan(z) + ne ■ N(z)) + V + 0(— =L=). 

y^Jl + 'b' 2 (1 + -0' 2 ) 5 yy/l + Tp' 2 

Let tp(t) = i log(l + (3t) where (i = K 2 e MK and S = K~ 2 . Then (j4~T5)) and 
(14. 16)) are satisfied as 
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and 

4>(S) = ^\og(l + (3S)>M. 
Assume the strict solvability condition h > \H\ + 2eQ. Then 



(4.18) (n - l)«W 8n («) + ne ■ N(z) > n(\H\ + e ) 
in iVj for small 5. Hence combining (|4.17p . (14.181) 

(4.19) MU< * ^ + Q( 1 



V 7 ! + 1/ (l + ^' 2 )2 y^l + V' 2 

Therefore we can choose K large so that v is an upper barrier in Ng. Analogously 

v = <j> — — log(l + (3d) is a lower barrier in Ng- □ 
K 

Remark 4.7. Note that when the strict solvability condition h > + 2eo is sat- 
isfied, we obtain gradient and continuity estimates on dQ that are independent of 
minan y. 

Remark 4.8. Under certain conditions we can sharpen the solvability condition to 
h > \H\. Suppose h = \H\ at P e <9ft and let 

n/i(s) = (n - l)y(«(«))Wen(«(a)) + ne • A(z(s)) 
along the (inward) geodesic orthogonal to d£l starting at P. Note that 

y(s) = e • N(s) 

y(s) = -y(s). 

Hence from standard comparison theory (see [7]) 

(4.20) nh(s) = (n - l)(»Wan(«) + ^ao(s)e • N(s)) - ny{s) 

> (n - l)(tfO»)(«gn(«) + 1) + W an (s)e • AT(s)) - ny(s). 

71 — 1 

Using e • N = \H\ y(P)H d n at P in (|4~20| gives 

n 

11 -h(0) > y(P)H 2 dn + Hon (\H\ - — -y(P)H dn ) - -^—y 



n — 1 \ rt In — 1 



n n — 1 
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Hence if 



then h(0) > so we obtain from (|4.17[) (for small S) 

n\H\ K^' 2 n , 1 
Mv + -!— 1 < " — 3- + — - < 

V (l+^ 2 )5 2 / v / 1 + ^' 2 

if we choose K large enough (but now depending on min^n y)- 



We now introduce some notation which we will use in the proof of Theorem 14.41 

Let K be a fixed constant, e > 0, and let r, |r| < 1 be a vector lying in the 
hyperplane r • e = 0. For any bounded function w over a subdomain £1 C S™ we 
denote by w* — w* (r, e) the corresponding possibly multivalued function such that 
the surface X — e w+Ke z + re can be represented as X = e w z over its projection 
fi* on the unit upper hemisphere §™ . Precisely, let e w ( z )+ K 6 z + re = e w ( z ^z*, 
with z* S fll C S*!f and write p = e^ 2 ),/}* = e w *( z *\ Then 



/ n k z-t er 2K 'e 2 \r\ 2 
l + 2ee~ Ke + - 



P 2 



p* = \J e 2Ke p 2 + 2e Ke epz ■ r + e 2 |t| 2 . 

Note that if w is Lipschitz with constant L, then the mapping z — > z* is injective 
for e < £o(£) and hence w* is well-defined and also Lipschitz. Moreover, if w and 
w are both Lipschitz with constant L and wJ = w = ip on <9f2 , then for e < sq(L), 

We are now ready to prove our Theorem. 

Proof of Theorem \4-4\ Theorem l2.3l together with Proposition ^. 51 guarantees the 
existence (and uniqueness) of a minimizer v to which is in the class BVm(Q) H 
C(dil). We need to show that v G C°' 1 (0). Towards this aim we will prove the 
following claim. 

Claim: For any vector r, |r| < 1, such that r ■ e = 0, and for all small e > 0, 
the hypersurface X = e v ( z )+ Ke z + eT j s above the hypersurface X = e°( z 'z in their 
common domain of definition. 

Here K denotes a big constant depending on the Lipschitz constant of the barriers 
from Proposition [431 

First we observe that the existence of barriers implies the existence of two Lip- 
schitz functions v,v such that v < v + Ke < v (here we are using Corollary 12. 5| . 
and v — v = <p + Ke on dQ. Correspondingly, using the notation introduced before 
the proof, v* and v* are Lipschitz functions for small e, and f2J = fi* := ft*. 



RADIAL GRAPHS OF CONSTANT MEAN CURVATURE IN HYPERBOLIC SPACE 19 



We wish to prove that v* is a (single- valued) function over f2* = f2*. Then the 
desired claim consist in showing that v* > v in n tt* , and it will follow from the 
comparison principle Lemma 12.61 

We use the notation at the end of Section 3. Let C be the radial cone over Q, 
and set 

V + €T := {E C C + et : E measurable, V + erCECV + er}, 

where A + er := {x + er, x e A} for all A C R ,l+1 . 
Also, if C* is the radial cone over fT, we let 

V* = {E CC* : E measurable, V* C E C V*}, 

where V* denote respectively the subgraphs in C* of X = e- z, and X = e v z. 

Notice that there is a one-to-one correspondence between competitors in the 
classes V + er, V* and the associated energies differ by a constant (recall the defi- 
nition of w*). 

Hence, since the subgraph of X = e v+Ke z + er minimizes T in V + er, then 
the subgraph of X = e v z is a minimizer to J- in V* , and by the uniqueness result 
Proposition 13 . 61 it is a graph over f2*. 

Now, in order to apply the comparison principle Lemma 12. 6[ we need to show 
that 

(1) D*>»on dfl* nH; 

(2) v* > v on dQ, n TF; 

where the inequalities above are meant in the trace sense (note that the existence of 
barriers implies that v* has a continuous trace on <9f2* DO, while v has a continuous 
trace on dil D CI*). 

In order to prove (1), we will show that v* is greater than the upper barrier v 
for v on dVl* n fl. Let z G dfl* ("1 fl 7 and let x G dQ be such that 

e v'(z) z = e v[x)+Ke x + Te _ 

It follows that 

\ e v*{z) _ e v{x)+Ke\ < £ 

and 

|x — z| < Ce, 

with C depending on the L°° norm of v. If K is very large, these two inequalities 
imply that 

(4.21) v*{z)>v{x)+K*\x-z\, 

where K* is larger that the Lipschitz constant of the upper barrier v. Since v(x) = 
v{x) equation (|4.2ip clearly gives (1). 

Part (2) follows in the same way, using the lower barrier for v* . Thus our claim 
is proved. 

We now show that our claim implies the Lipschitz continuity of v. 
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Let z € H and let C = C(z,9) be the circular cone with vertex at e v ^ z 'z, axis 
z, and opening 9. Since Q is a strict subdomain of §" , it is above the hyperplane 
y = 5 (recall that y = z„+i), and thus each point x can be represented as: 

(4.22) x = e v{z) z + az + ficr, 

with \a\ = 1, a ■ e = 0, a,/3 > 0, and 0/a < C(9, 5) with C(9, 5) -> as 9 -> 0. 
Indeed, each point a; in the cone C can be represented as 

x = e v ^ z) z + j(z + r/z±) 

with z± unit vector in T z (§"), 7 > 0, and < 77 < tan# — » as 6* — > 0. 
Now, let us decompose 

z±_ = az + 6cr 

with 

z± ■ e 1 

a = ; = v 1 + a • 

z • e 

Hence a ■ e = 0, \a\ = 1. Moreover, 

|o|<i/«y, 6 < 2/5 

because z is above the hyperplane y = 5. 
Therefore, 

x = e v (z)z + 7[(1 + rja)z + br/cr] 

with the ratio 

brj 
1 + f]a 

going to zero as 9 goes to zero. 

Now, given x (represented as in (|4.22[0 in a neighborhood N (in C) of e v ^z, 
that is for a small, we can choose e such that 

e v( z)+ Ke = & v{z) + ^ 

hence e = O(a). Moreover, since (3/a < C(9, S) — * as 9 — > 0, by choosing 6* small 
enough depending on K, |H|oo, £q(L), S we can guarantee that (3 < e. Hence 

x = e "W +Ke + er. 

Thus the set S(e,r) = {X = e v ^ +Ke z + er,0 < e < e (L), \t\ < l,r -e = 0} 
contains the cone iV D C(z, 0). 

Therefore, according to our claim at each point of the surface X = e v ^z, there 
exists a small radial cone of fixed opening which is completely above the surface. 
This geometric property translates in the fact that for q G £1 in a neighborhood of 
z we have 
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e *(9) < e v ^ + C{6)\z-q\. 
Since v is bounded, this implies the Lipschitz continuity of v. □ 

We state two simple corollaries of Theorem 14. II 

Corollary 4.9. Let B p (P) be a ball in S!L R {y > e}, /or anj/ e > 0, and /ei 
£ C 2 (§"). TTien i/iere exists a constant r Q = r Q (n, H, e) such that the Dirichlet 
problem (|4.8[) - (|4.9p is uniquely solvable in C°° {B p {P)) , for all p < r Q . 

Corollary 4.10. Let S e be the spherical cap §™ n {y > e}, for any e > 0, and let 
4> £ C 2 (S" ). Then the Dirichlet problem (|4~8| - ([43| is uniquely solvable in C°°(S e ). 

5. The interior gradient bound and the proof of Theorem 11.31 

5.1. The interior gradient bound. In this subsection we prove the following 
interior gradient bound. 

Proposition 5.1. Let v be a C 3 function satisfying equation (|4.7|) in B p (P) C 
{y > c}. TTien 

W(P) < C\e^, 

where C\,C% are non-negative constants depending only on n,H,e and ||u||ioo. 
Proof. Define the following linear elliptic operator 



(..-,. L) £ -- ,," V,-, - ^WiVj - ^ (tf^ + o ) • V 



where a lJ and T-F are as in ()4.6l) . (|4.3p . 

Throughout the proof, the constants may depend on n,H,e and One 
can compute that 

(5.2) CW > —CW in B p {P), 

(for details we refer the reader to Theorem 4.2 in 4 , formula (4.16)). 

We will derive a maximum principle for the function h = rj(x)W by computing 
Ch. Without loss of generality we may assume 1 < v < Co- A simple computation 
gives 

(5.3) Ch>W(Mr}-Cr)), 
where 



(5.4) M ee V« - -(H— + e) • V. 



Note that Mv = . Choose 

yW 



(5.5) ry(z)EE 3 (0(z)); g{j>)=e K *-\, 
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with the constant K > to be determined and 



'2v(P) 



f d P (z] 



Here dp(z) is the distance function (on the sphere) from P, the center of the 
geodesic ball B p (P) . 

Since v is positive, rj(z) has compact support in B p (P). We will choose K so 
that Mr) > Crj on the set where h > and W is large (here M is as in (|5.4[l ) . 

A straightforward computation gives that on the set where h > 0, 

Mr, = </(0) (tv, ; o - ^ (ff ^ + • + g"(<P)a ij V i <f>V j (t) 



Ke 



K<<> 



1 nH 2 



2v(P) yW p 2 



(dpa lj Vijdp + a ij Vid P Vjdp) 



+e -dpVdp 



K 2 e K *a ij 



2v{P) p 



—dpVidp ) ( - 7r.N + -^d P \7jdp 



2v(P) p 1 



Using the definition of a lJ we find ((•,•} denotes the inner product with respect to 
the induced Euclidean metric on S) 



2v{P) p- 



■dpV ' idp 



2v(P) p' 



■dpV jdp 



\Vv\ 2 2d P ._ . 4d 2 P / 



Hence. 



Mrj -Crj>e 



K<i> 



K' 



( 1 



1/1 



V8C 2 Vp 2 8C*o 

,Co 



CiT- 



c 



Therefore on the set where h > and W > 1 + 4 — we find 

P 

Tims, tiir choice /v = MKT'.: j 1 + —j^J gives 



Mr) -Cr)> XhCe K * > 
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c 

on the set where h > and W > 1 + 4 — . Hence by (15.31) and the maximum 

P 

Co 

principle, W < 1 + 4 — at the point Q where h achieves its maximum. Therefore 
P 

h(P) = {eJ - l)W(P) < h{Q) < (1 + 4^){e K - 1), 

P 

and hence 

(5.6) W(P) < 



for a slightly larger constant C. This proves Proposition 15.1 



□ 



5.2. Smoothness of minimizers in any dimension. In this subsection we re- 
move the dimensional constraint and prove the regularity result in Theorem 11.31 
The proof follows the lines of the Euclidean case. We present it for the sake of 
completeness. 

Proof of Theorem \1.S\ We use a standard approximation argument. Let B = 
B p {P) be a ball in with p < r and r as in Corollary 14.91 

Denote by S := pro^S. Since S satisfies H n ^ 6 (S) = 0, there exists a sequence 
Sk of open sets, such that 

S k DDS k+1 , k = 1,2,3... p| 5^ = 5 

feGN 

and also 

H n _ 1 (S k ndB)^0. 
Now let 4>k be a smooth function on OB satisfying 

4> k — v in dB \ S k 



(5.7) sup\cj) k \ < 2sup|v|. 

dB OB 

Let v k be the unique solution to the Dirichlet problem with boundary data 4> k on 
dB (see Corollary 14. 9p . The functions v k 's are smooth in B and also according to 
(1571) and Theorem [2~3l 



(5.8) sup|w fc | < M(sup|u|). 

B dB 

We also have that the v k minimizes Ib{-) among all competitors with boundary 
data 4> k (see Remark 12 .7j) . Hence, 
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(5.9) l B {v k )<I% k (w) 
for every w £ BV(B). In particular, for w = 0, 

(5.10) l B (v k ) <\B\+ f \4> k \dH n ^ < C 

JOB 

where in the last inequality we used (|5.7p . 

From (|5.8p and the a priori estimate of the gradient (Proposition l5.ip we conclude 
that the gradients Vi^ are equibounded in every compact subset of B. Hence, by 
Ascoli-Arzela we can extract a subsequence, which we still denote by Vk, which 
converges uniformly on compact subsets of B to a Lipschitz continuous function v. 
Moreover, by the lower semicontinuity of Ib{ ) combined with (15. 8|) and (|5.10|) wc 
obtain 

/ |VtJ| < C 

J B 

and therefore v S W 1 ' 1 {B). 

We claim that v has trace v on dB. Assuming that the claim is true, then passing 
to the limit in (|5.9p with w = v and remarking that <fik — > V in ^(dB) we have 

l B (v)<I B (v). 

Thus the function v also minimizes Ib(-) and by the uniqueness of minimizers (see 
Remark 12. 4[) we obtain v — v proving that v is Lipschitz continuous in B. Hence, 
by elliptic regularity v is analytic in B. 

We are now left with the proof of the claim. Let zq e dB be a regular point for 
v. Then for k large enough zq £ dB \ Sk and hence <fij = v in a neighborhood of zo 
in dB, for all j > k. We can construct two C 2 functions and 4> on <9_B, such that 
<f> = <j) = u in a neighborhood of zo and (f> < 4>j < 4> for all j > k. 

Now, we solve the Dirichlet problem with boundary data 0, <$> and denote the 
solutions respectively by v, v (again we use Corollary I4.9p . Then, v<Vj<v for all 
j > k and therefore v < v < v, which immediately yields v(zo) = v(zq). 

Thus, v — v at every regular point, which implies the desired claim since 
H n ^(S) - 0. □ 

We conclude this section by sketching the proof of Theorem 11.41 

Proof of Theorem \1.4\ Assume that T is represented by 

X = e v z,ze dSl, 

with ip 6 C 2 (§"). Then, according to Proposition 14.51 (see Remark 14. 7[) we can 
find upper and lower barriers v and v coinciding with ip on <9§" . For any small 
e > 0, let ijj e be a smooth function on the spherical cap S e := S™ R {y > e} such 
that v < tp e < v on the boundary of dS e . Let v e be a minimizer to Tg'(-), which 
by our regularity theory is smooth. By the comparison principle (Corollary 12. 5j) 
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v < u e < v in S e . By the interior a priori bound ( Proposition 15.1] ) we can extract 
a subsequence v ek which converges uniformly on compacts of §™ to a function v 
which solves the equation and also v < v < v in §" . This implies the continuity of 
v up to the boundary. 

Finally, if <p is only continuous, we approximate it (from above and below) with 
C 2 functions, and conclude the argument by comparison with the barriers associated 
to the smooth approximated boundary data. 

□ 
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